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Abstract:

The objective of the work is essential to construct an approximate solution of the generalization
of nonlinear Black-Scholes partial differential equation, modeling price slippage impact of
transaction coast option, through promising computational algorithm called Reduced
Differential Transform Algorithm. This work also shows that the algorithm can be efficiently
employed to construct explicit solutions highly nonlinear equations arising in the financial

market. We have also shown a graphical behavior of the constructed solutions.
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1. Introduction

This paper is intended to construct an
approximate and closed-form solution to the
following initial value problem,
6u+1 , ,0%u 142 0%u N ou
75 35 PSas2 " %5
—ru=20 ¢Y)
subject to the initial condition,
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Where S represents the stock price, p = 0 it
shows the measure of liquidity of the market,
and also represents volatility as well. u(s, t)
represents the option price and it’s a measure
of the price of slippage impact of a trade felt
by all participants of a market.

2. Description of Differential
Transform Algorithm

This section has been dedicated to give a
precise  description of the Reduced
Differential Transform algorithm and how it
works. Assume that we have a function
u(x,t) with arguments x and t, that can
express as the product two functions of x and
t e e, ulxt)=f(x)g(). Then
differential transform of the function u(x,t)
can be explicitly written as,

u(x,t) = (i F(i]x*') (i G(f):*’) = i U (x)t¥,
i=0 i=0 k=0

where U, (X) is transformed function in x.

The more careful and precise definitions of
transform of function u(x, t) is following,
(Cf. 14—16).

Definition: Consider a function u(X,t) is
call option where u represents the price of
option and t represents the time ¢t > 0 and
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space x € R. Then define the transform of
u(x, t) as, (k + D) Up;1(x)
1| o = G (x) — RUL(x)
U, (x)= E{ﬁu(xi)lo : — NU,(x) 4)

where the U,(X) can be treated as

transformed u(x,t), and is essentially ~Where U, (x),RU,(x),NU,(x) and G, (X)
?I_nallogous to Taylor’s coefficient in the 2D denotes the differential transformation of

aylor expansion. and

To recover the function wu(x,t) from Lu(x,t.), Ru(x, ), Nu(x.) .g (x,1)
transformed functions Uy (x), we define the ~ respectively. Hence the key computation that
following inverse of differential transform in ~ One need to is the computation of functions
the following manner. Ui, U, Us ... through recursive relation (4),

Definition: Consider a function u(X,t) is by choosing U, (x) = f(x).
call option where u represents the price of
option and t represents the time t = 0, Then  Once U, U,, Us ... U,, are found then we can

we can define the transform of u(x, t) as, write n-term approximate solution of PDE as
Then define the transform of U, (x), as, follows:
i = 3 T k <
w6 = ). Uyt @ LEN=2 U 6
0 "=|Q itl Thus, by increasing n more and more we get
r more explicitly, an exact solution of nonlinear PDE (4),
0 k
u(x,t) = Zi a—u(x,t) t*. (x,t) = lim XR_o U ()t 6)
~Kll ot o "

Next, we discuss how the above-described Based on the definition of the reduced
transformations can be implemented to solve  differential transform algorithm following
the concrete nonlinear partial differential  table of transformations (see next page) can be
equations. Consider a nonlinear PDE in its  proved. For the readers interested in the proofs
generalized form, we refer to [14], [15], and [16].

Lu(x,t) + Ru(x,t) + Nu(x,t)

=g(x,t) (3)

Subject to the initial conditionu(x,0) =
f(x). Here L denotes an operator%, Ru(x,t)
denotes the linear part of PDE that contains
the linear expressions of u and its derivatives,
Nu(x,t) denotes the operator/expression
containing the nonlinear terms involving u,
and its derivatives operator, g(X,t) stands
for an in-homogeneous term that can be
treated a forcing factor in the model. Taking
the differential transform of the equation (3)
leads to the following recursive relation,
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Table 1 Reduced differential transformation
Functional form Transformed form
1ok

u(x,1) Uk(x) = gl gz utx, Dl=o
w(x, 1) =u(x, 1) +v(x, 1) Wi (x) = Ug(x) &+ Vi(x)
w(x, 1) =ou(x,1) Wi (x) = aUg(x) (« is a constant)

— mn _m |1, k=0
w(x,t) =x"t Wi (x) = x"8(k —n), 8(k) = 0, k#0
w(x, ) =x"t"u(x, 1) Wi (x) = xMU_p(x)

w(x, 1) = u(x, Hv(x, 1) Wi (x) = Z,’fzo Ve(x)Ug—r(x) = Zfzo Ur(x)Vi—r(x)
w(x, 1) = aa‘,rr“(x. 1) Wir(x) =k +1)---(k+r)Ugqr(x) = &I!L)!Ukwtr(")
w(x, 1) = %u(x,l) Wi (x) = %Uk(x)
n
A = Z 0%u(s, k) 0%u(s,h — k) 9
ko ds? ds? )

3. The solution of Generalized form of
nonlinear Black-Scholes equation
by Reduced Differential
Transform Algorithm

For following the Nonlinear Black-Scholes
equation, we are applying the RDTM method
to get an approximate solution.

Let us restart by rewriting the equation (1) in
the following form,

ou 0%s?0%u 142 0%u N ou
ac |2 as? PSos2 ) T35
—ru @)

On the application of RDTM on the above
last equation, using Table 1of transforms, we
get

azuk
ds?

azuk 2
+ po?s’ <_6sz )
ouy,
+7rs s Uy (8)

1
—g?s?

(k+ Dugyr = — >

where u, (X) is transformed function and
dimensional spectrum function is t,

k=0

Let us start by computing the u,. The
explicit expression for it can be obtained
by setting k =0in (9), as follows,

2
__lzzauo
u, = o°s

5 5z T pa?s3A,
auo

+rs——
ds

It is clear that to compute the above

. dug
expression we need values of Ay, e

rUg

azuo

052
equation (9), we solve the first and
second partial derivatives of equation (9),
we have

and . From the initial condition

auO_l —2( ) K _ZT
s _,0 = r—c Se

(r—o)

—Ins 5

(10
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0%y, 1 [(r - VK = ou, 1 [—c(r — VK =
= — —e —_— = —|— ¢
sz pl| o2 s% ds p o2 s%
1/(r—-c) ,(r=0?% 1
s\ o2 7T 16
o1 11 + (r L 1) 14
i (11 ri—+7)| @
0%u, 1lcr-oVvK -
Now taking k=0 in Equation (9) and 5 21 =— (2 5 )£3eTCT (15)
plugging partial derivatives from (10) and § p g s2

(11), we get the following value of A,

9%u,\’
Ao =\Gs2

1|(r—-c)*K
T p?

—cT

—e
o* 3

r—ovVK -c\{1/r-c) 1
(T ()

42 —(r_c)+12 12
s2 o2 4 12
ou 0%u,
On substituting values A, — and
g 0" 3s an ds?

in expression for u; and simplifying we
obtain
(M_i)
ot 18

= 1 r-¢), - _
~13 (?JFQ)JF r;—;h’e To1(r-cle T‘} (13)

1

= g

pl q 2

Next, let us move towards computing the
valued u. To do so let us substitute k=1

in recursive relation (8),

U, = — E o?s? % +pa?siA; + 1‘5% - 'rul]
Therefore, to compute u,, we need to
0%uq

ds2
equation (13), we may find the partial
derivatives as following,

.. . ou, .
explicitly find Aj, 5. 2nd . Using

On empldying (9), (14), and (15), we can
explicitly compute A as,

1 [e(r—0c)? K er
Ay = 2 4 <3
p o S
c(r—c)((r—c)
o2 o2
1\VK -
+ Z) —EeTCTl (16)
s2
0%u, 0%u
Ay =2—2—1
0s? 0s?
Now we are in a position to compute u,
. ou, 0%u,
using the values of A, — and
g L' as ds2

from (16), (14), (15) respectively,

20 —c, )2 _ S — )2 _
= [ SR e S e 1 g

20 a?

+ D Reer - I gt (17)
Finally, we aim to compute u;. To do, by
substituting k=2 in recursive relation (8) we
get,

2
Uy 2 3 6u2
+ po©sA;, +rs———ru
ds? p 2 ds 2

Hence to compute us, we need to compute
auZ 62u2

A 4
2’ 3s and ds2

of 4z can be computed using equation (17),

1
3u. = — |=o2s2
Uz [20'.5‘

. The partial derivatives

2(r—c) yE =€
—o) V& =fr

du, 1[
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2 20— G
auzzi C(?" C)\ZBZT (19)
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52

Next, an explicit expression for A2 can be
obtained by putting k=2 in (9),
A, = 0%ug 8%u, | 8%uy 8%u, | 3%u, 0%u,
ds? ds? ds? ds? ds? ds?
Using (11), (15), and (17) in the above, and

we get,
[ e K Ar-)yE )\ ((r-¢) 1
b p_[(z__e - (4——6 )(7*1)) (20)
N mploying the A —auz dazu2
owe oyin e an
ploying 2’ 9s 0s2

from (20), (18), and (19), in uz, we get,

C,

HSZEI_M\/@%

pl 4302 3207

rr-c)? , r3(r-c),, _ rir-c?,, _.
{. ) Ke ET_I_ ( )Ke T _ ( ) Ke Tt
3207 3202 3267

3262

(20)

Finally, the approximate solution to our
main problem can be given as,

u(,t) = Yoo Uy ()6 mug 1yt 4 1yt +ugt?

On substituting, values of

Ug, Uy, Uy and uz from (13), (17), and (20)
in the last equation, we get the following
closed-form approximate solution of
problem (1),

The 3D graph of the solution has been
computed using Mathematica,

1[-4 = T-c 1
N )
us,t) mlg[;(r—c)\/ﬁez +(?+E,) (1-Ins)s

Jr(crZ +4r+c(r—c))st+(r—c)

6 ' o G C)e'r(r'”)]

i

4, Conclusion

Transaction cost Black-Scholes model is
highly nonlinear in its form. In this article, we
have computed an explicit approximation
solution to a highly nonlinear version of the
generalized nonlinear Black-Scholes equation
through a highly efficient algorithm known as
the reduced differential transform method.
This solution obtained can be used for pricing
European call and put option at time t=0, and
when c#r. Our work shows that Reduced
differential transform methods are very
convenient for constructing the explicit
scheme of higher nonlinear problems arising
in the financial world.
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